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Abstract In this paper, we show that the infinite-dimensional differential games with
simple objective functional can be solved in a finite-dimensional dual form in the
space of dual multipliers for the constraints related to the end points of the trajectories.
The primal solutions can be easily reconstructed by the appropriate dual subgradient
schemes. The suggested schemes are justified by the worst-case complexity analysis.
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1 Introduction

In the last years, we can observe an increasing interest to the primal-dual subgradient
methods. This line of research, started in [1], leads to the special methods, which allow
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one to reconstruct approximate solution to a conjugate problem. In order to do this,
methods need to get an access to the internal variables of the oracle. Therefore, all
these methods are problem specific.

This approach is very interesting, when the primal and conjugate problems have dif-
ferent levels of complexity. For example, we can have a primal minimization problem
of very high dimension, with very simple objective function and basic feasible set, and
a small number of linear equations. Introducing Lagrange multipliers for these linear
constraints, we can pass to the conjugate (dual) problem,! which has good chances
to be simple in view of its small dimension. The only delicate problem is the recon-
struction of the primal variables from the minimization process, which we run in the
conjugate space.

In [2], this approach was applied to the problems of optimal control with con-
vex constraints for the end point of the trajectory. These constraints were treated
by linear operators from infinite-dimensional space of variables (control) to a finite-
dimensional space of phase variables. It was shown that an appropriate optimization
process in the latter space can generate also nearly optimal sequence of controls (func-
tions of time). Moreover, this technique was supported by the worst-case complexity
analysis.

In this paper, we move further in this direction. We consider an infinite-dimensional
saddle-point problem, which variables (controls) must satisfy some linear equality
constraints. We show that these constraints can be dualized by finite-dimensional
multipliers. Moreover, it appears that the dual counterpart of our problem is again
a saddle-point problem, but in a finite dimension (we call this problem conjugate).
We show how to reconstruct the infinite-dimensional primal strategies from a special
finite-dimensional scheme, which solves the conjugate problem.

The paper is organized as follows. In the Sect. 2, we consider the basic formulation of
differential games with convex—concave objective and with trajectories of the players
governed by the systems of linear differential equations. We treat the end points of
the trajectories as an image of linear operators from infinite- to finite-dimensional
space. For the future applications, we derive some bounds for their norms. In the
Sect.3, we write down an equivalent conjugate saddle-point problem in the finite-
dimensional space of dual multipliers and derive some bounds on the size of the
optimal conjugate solutions. In the end of this section, we present a numerical scheme
and derive the upper bounds on the quality of primal and conjugate solutions. In the
Sect.4, we consider a differential game with an objective function satisfying strong
convexity assumption. For this case, we obtain better complexity bounds. In the last
Sect. 5, we show how to form the conjugate problem for the initial finite-dimensional
convex—concave saddle-point problem with equality constraints. It seems that this
transformation is new even in this simplest situation. Therefore, we devote to it a
separate section.

! Since the objective and the feasible set of our problem are simple, very often this can be done in an
explicit form.
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2 Differential Games

Consider two moving objects with dynamics given by the following equations:

X() = Ac(Dx (1) + BOu(r), y(t) = Ay(1)y(r) + C(v(1),
(x(0), y(0)) = (x0, yo)- ey

Here x(t) € R", y(z) € R™ are the phase vectors of these objects, u(¢) is the control of
the first object (pursuer), and v(¢) is the control of the second object (evader). Matrices
Ax(1), Ay(t), B(t), and C(z) are continuous and have appropriate sizes. The system
is considered on the time interval [0, 8]. Controls are restricted in the following way
u) €e P C RP,v(t) € Q C R? Vr € [0,60]. We assume that P, Q are closed,
convex sets.

The goal of the pursuer is to minimize the value of the functional:

0 ~
Fu,v)+ ®(x(@©),y@®0)) = /0 F(t,u(r),v(r))dt + @ (x(0), y(©)). 2)

The goal of the evader is the opposite. We need to find an optimal guaranteed result
for each object, which leads to the problem of finding the saddle point of the above
functional. We assume the following:

— u(-) € L*([0, 0], R?), and v(-) € L?([0, 8], R?) (for the notation simplification
we denote L2([0, 6], R”) by L3 and L2([0, 6], RY) by L?),

— the saddle point in this class of strategies exists,

— the function F(u, v) is upper semi-continuous in v and lower semi-continuous in
u,

— @(x, y) is continuous.

Denote by V. (t, 7) the transition matrix of the first system in (1). It is the unique
solution of the following matrix Cauchy problem

dVv,(t, )
—a AV, ), t>1, Vi(r,7)=E.

Here E is the identity matrix. If the matrix A, (¢) is constant, then
Ve(t, 1) = =04,

If we solve the first differential equation in (1), then we can express x () as a result
of the application of the linear operator 55 : Lé — R™:

0
x(0) = V, (0, 0)xg +/ V@, )B(T)u(r)dt := Xo + Bu. 3)
0
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Below, we will use the conjugate operator I3* for the operator 3. Let us find it explicitly.
Let o be a n-dimensional vector. Then,

0

0
(1, Bu) = (u, /0 Ve (0, T)B(r)u(r)dr) = /0 (1, Vi (0, T)B(D)u(1))dt
0
= / (BT @)V (0, D), u(r))dr = (B*p, u).
0

Note that the vector ¢(t) = VXT (6, r) is the solution of the following Cauchy prob-
lem:

¢ = —AL e, ¢@) =pn, tel0,0]

So we can solve this ODE and find B* i using the obtained solution ¢ (¢) as B*u(t)
= BT ()¢ ().

In the same way, we introduce the transition matrix Vy (¢, ) of the second system
in (1), the operator C : Ls — R™ defined by the formula
Cv:= foe Vy (8, ©)C(t)v(r)dT, and the vector yo := V, (6, 0)yo. The adjoint operator
C* also can be computed using the solution of some ODE.

So below we will study differential game problem in the following form:

min |:maX{F(u, V) +@(x,y):y=y+Cv}:x =Xo+ Bui| , “4)
ueld | veV

where
U:={u()eLy:u@)eP Viel0,0]},V:={v()eL;: v(rt)eQ Vtel0,0])

are sets of admissible strategies of the players and u € U, v € V mean u(-) € U,
v(-) € V. Our goal is to introduce a computational method for finding an approximate
solution of the problem (4).

Remark 2.1 In the same way, we can treat a problem with objective functional of the
form f09 F(t,u(x), v(r))dr—i—Zf:O @ (x(t;), y(t;)), or constraints of the type Bu € T
and Cv € S, where T and S are closed, convex sets.

2.1 Estimating the Norms of the Operators B and C

Letus assume that R” and R” are endowed with the Euclidean norm || - ||». Consider the
problem of estimating the norms of operators 3, C. This is an important problem since
below we need these operators to be bounded, and also their norms play a significant
role in the estimates for the rate of convergence of the methods we introduce. Let us
study the operator 5 (3), since the norm of C can be estimated in a similar way. The
following argument was used in [2], and it is presented here for the reader convenience.
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By definition, we have

IBl2 = sup {[IBull2 = lull,2 = 1}. )

2
uelLy,

As it was shown above, the conjugate operator B* transforms o € R” into the function
BT (t)vI®,t)u e Lf,. Let us define a matrix

6
R ::/ Vi@, ©)B()BT (1)VI (6, v)dt = BB*, (6)
0

which is symmetric and positive semi-definite.
Definition 2.1 The system with the dynamics given by the first differential equation
in (1) and the initial value x(0) = 0 is called reachable on [0, 0] iff for any x € R”

there exists a control such that x(9) = x.

The reachability is closely related to the properties of the matrix R (see Corollary
2.3 in [3]).

Lemma 2.1 The system with the dynamics given by the first differential equation in
(1) and the initial value x(0) = 0 is reachable on [0, 0] if and only if R is positive
definite.

We also need the following
Lemma 2.2 Let H be a Hilbert space and the linear operator A : H — R be
nondegenerate: AA* > 0. Then, for any b € R and f € H, the Euclidean projec-
tion 7w (f) of f onto the subspace Ly, = {g € H : Ag = b} is defined as wp(f)
= [+ A*(AA") (b — Af).
From the definition (5),

-1
I1Bll2 = [inf {lullzz = 11Bull2 = 1}] :
uel? P

P

Using the reachability property, we have Im3 (Lf,) = R" and

inf {|lull;2: |Bulla=1}= inf {||u||L27 : Bu = x}.
ueL% P MEL%JER"JMH2=1 /

From the Lemma 2.2, we have that

inf {llullpz 0 Bu=x}=|B*BBE) "xlz = (BB ' x) 2

uely
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Hence,

inf {llull,z: |1Bul2 =1}

uely

= inf (BB 'x,x)1/? =

[xlla=1

A2 (BB,

IHIII
: —-1/2 sy —1 1/2 * *
Finally, || Bll2 = A, ((BB*)™") = Amax(BB*), where BB* = R
Also we can get a time-independent estimate of || B]|, in the case when x = 0 is an
exponentially stable equilibrium of the system with dynamics

x(t) =A.x(t), t>0,

where Ay is a matrix.
Recall the following well known result.

Theorem 2.1 [3] Assume that there exists a matrix M = MT = 0 such that AzM +
M A, < 0. Then, the equilibrium x = 0 is globally exponentially stable.

So we can consider a case when there exists some v > 0 and M = MT > 0 such that
A;M + M A, < —vM. Let us also assume that the matrix B(¢) is time independent.
Then, we have that Bu is the position at the moment 6 of the point of the unique
trajectory defined by the linear system

%(1) = Aex(t) + Bu(t), x(0) = 0.

Hence

(Mx(6), x(6))

lx@)113 = (x(6), x(0)) < Semin (M)

9
and

%(Mx(t), x(@)) =2(Mx(t), x(t)) = 2(Mx(t), Ax(t) + Bu(t))

= (ATM 4+ MA)x(1), 2 (1)) + 2(Mx(t), Bu(1))

—v{Mx(t), x(t)) +2(Mx(t), Bu(t)) < %(MBM([), Bu(t)).

IA

Since x(0) = 0, we get
0 d 1 0
(Mx(0), x(0)) = / — (Mx(t), x(t))dt < — / (MBu(t), Bu(t))dt
0 dr v Jo
1 o 1
< “hmax(M) /0 I Bu(t)|3dt < ;xmax(M)nBu%nuni% :

3 )\mdx M
Finally, we have B3 < 7200 |1B|2.
From now on, we assume that both operators 3 and C have bounded norms.
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3 Convex—Concave Problem

In this section, we consider the problem (4) satisfying two assumptions.

A1 The sets P and Q are bounded.

A2 In (2), the functional F (-, v) is convex for any fixed v, F(u, -) is concave for
any fixed u, @ (-, y) is convex for any fixed y, and @ (x, -) is concave for any fixed
X.

From A1, since the norms of the operators B, C are bounded, x(6), y(f) are also
bounded and we can equivalently reformulate the problem (4) in the following way:

min max {F(u,v)+®(x,y):y=y+Cv}:x =Xx0+ Bu
ueu,xeX[veV,er{ (u, v) (x,y):y=DYo } 0 ]

= max |: min  {F(u,v)+ d(x,y) :x =i0+Bu}:y=§0+Cvi|,(7)
veV,yeY | ueld ,xeX

where the sets X and Y are closed, convex and bounded. Let us introduce the spaces
of dual variables . € R™ and € R" corresponding to the linear constraints in the
problem (7), and some norms || - ||, and || - ||, in these spaces. We define the norms
in the dual space in the standard way

3 llx,s :=max{(sp, A) Al = 1} sl = max{{s,, u) < llpelle < 1}
In the simple case, both the primal and the dual norms are Euclidean.

Lemma 3.1 Let the Assumptions Al, A2 be true. Also assume that the function
F(u, v) is upper semi-continuous in v and lower semi-continuous in u, the func-
tion @ (x, y) is continuous, and that the sets P and Q are convex and closed. Then,
the problem (7) is equivalent to the problem

min max [minmax [F(u,v) — (u, Bu) + (1, Cv)]
A ueld veV

+minmax [®(x, y) + (i, x) — (A, )] = (i, Xo) + (A, ?0)] , (®)
xeX yeY

which we call the conjugate problem to (7).

Proof Let us consider the inner problem in (7). Due to A2, foreachv € Vandy € Y,
this is a problem of minimization of a convex function over a convex set with linear
constraints. Hence, it is equivalent to

x(,y) = min max{F(u,v) + ®(x,y)+ (u, x —Xo — Bu)}. )
ueld xeX M

Due to assumptions A1, A2, using the fact that any closed, convex, and bounded set in
Hilbert space is compact in the weak topology, and taking into account that F'(u, v) is
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upper semi-continuous in v and lower semi-continuous in u#, by Corollary 3.3 in [4],
we can swap min and max:

x(,y) = mlilx min N {F(u,v) + @(x,y) + (u, x — xo — Bu)}.

ueld,xe

Note that x (v, y) in (9) is a concave function of v an y. So the outer problem in (7)
is a problem of maximization of a concave function over a convex set with linear
constraints.

Hence, it is equivalent to: max min {x (v, y) 4+ (A, Cv 4+ yo — y)}. Using the same
veV,yeY A

argument as above, we conclude that

max min {x (v, y) + (A, Cv + yo — y)}
veV,yeY A

=min max {x(v,y)+ (4, Cv+yo—y)}.
A veV,yeY

Denote F(u, v)+@ (x, y)+ (A, Cv+Yo—y)+ (i, x —Xo—Bu) by ¥ (u, v, x, y, A, ).
Hence, we have

(7) =min max max min {¥(u,v,x,y, A, Ww)}.
A veV,yeY M ueld,xeX

Swapping two operations of maximization, we get.

(7) = minmax max min  {¥(u, v, x,y, A, u)}.
A veV,yeY ueld,xeX

Since the function ¥ (u, v, x, y, A, (t) is convex in u, x and concave in v, y, and since
U,V are convex weakly compact sets, and X and Y are convex compacts, we can swap

max and min , and obtain (7)=(8). O
veV,yeY ueld,xeX

We assume that the problems

Yi(h, 1) = mii}ma];c [F(u,v) — {u, Bu) + (A, Cv)], (10)
Yo (h, ) :=minmax [D(x, y) + {u, x) — (A, y)] (11)
xeX yeY

are rather simple so that they can be solved efficiently or in a closed form. Note that
the conjugate problem is finite dimensional. By assumptions A1, A2, since a closed,
convex, and bounded set in Hilbert space is compact in the weak topology, and since
F (u, v) is upper semi-continuous in v and lower semi-continuous in u, by Corollary
3.3 in [4], we conclude that the saddle point in the problems (10), (11) does exist for
allr e R", u e R".
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Note that the problem (10) has the following form

0
min max [/ {F(r, u(t), v(1)) — (B*u(r), u(r)) + (C*A(1), v(f))} df]
ueld veV | Jo

0
- / [min max [ F(z, u(@), v(0) = (B*1(2), u(D) + (€*(0), v(0))| dr] :
o |ueld veV
(12)

and it can be solved pointwise.

Lemma 3.2 Let the assumptions A1 and A2 be true, and (u*, v*) be a saddle point of
the problem (10) for some fixed . € R™, u € R". Then, the function V| (-, i) is convex
for any fixed u € R", and its subgradient V,yr\ (A, 1) = Cv* is bounded in (1, |1).
Similarly, the function yr1 (X, -) is concave for any fixed » € R™, and its supergradient
Vi (A, u) = —Bu* is bounded in (A, w).

Proof Since the saddle point in the problem (10) exists for any X, ;, we have

Y1 ) = min [0, 2) = (Bu, ). (13)
Y1 ) = max [ 10, ) + (Co. 2| (14)
veV
where
Ui (u, X) = ma&([F(u, v) + (Cv, )], (15)
ve
U1 (v, ) o= min [F (u, v) = (Bu, ] (16)

In the first case, since we take the minimum of linear functions of wu, the result is
concave in . So Y1 (A, i) is concave with respect to u for any fixed A. Similarly, we
get that ¥ (&, u) is convex in A for any fixed w. Let us fix A, up. Denote by (uE;, va‘)
the saddle point of the problem (10) for A, wg, and by («*, v*) the saddle point of this
problem for XA, u, where p is arbitrary. Then,

min [ 1. ) = (Bu, )| = 91 u* 3) = (Bu” ),
min |1 (u, %) — (B, o) | = V11w, 1) — (Bus. o).
ueld
Note that

Yi(h, w) — i (h, o) + (Bug, 0 — o)
= P (u*, 2) — (Bu*, ) — Y (u, 2) + (Bug, o) + (Buj, w — wo)
= Y@, 1) — (Bu*, ) — W1 (g, 1) — (Bug, n))
= %{&1 (u, k) — (Bu, )} — (Wi (ug, 1) — (Bug, ) < 0.
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So, by definition, the vector —Bu* is a supergradient of ¥ (A, u) with respect to . In
the same way, we prove that Cv* is a subgradient of 1 (A, ) with respect to A. Since
P and Q are bounded, we have ||u(t)||L% < ﬁmaxzep Izll, = VOdiam, P.
Here we introduced notation for any set S diamyS := max{||z|lq : z € S}, where
the index o denotes some norm. Similarly, |[v(?)]| L2 < +/6diam, Q. Then, since the
norms ||B||M’L§ and ”C”A,L?I’ defined by

1B, ;2 == max Bu, ) : =1, lull;2 =1},

WL MERn’ueL%H w) s el lfull 2 }

ICll; 12 == max {{Cv,A):l[Alln =1, 1vl2 =1},
ML AeR’",veLé L

are bounded, and then, we have

V21 G )l o < VO IICHl, 2 diam2 Q.

Vi W, = VO 1Bl 1 diamy P.

O
In a similar way, we can prove the following statement.

Lemma 3.3 Let the assumptions Al and A2 be true, and (x*, y*) be a saddle point
of the problem (11) for some given A € R™, u € R"™. Then, the function V> (-, i) is
convex for any fixed u € R", and its subgradient VYo (A, n) = —y* is bounded
in (A, w). Similarly, the function ¥ (A, -) is concave for any fixed » € R"™, and its
supergradient VY (A, n) = x* is bounded in (%, ).

Combining the Lemmas 3.2 and 3.3, we get that the function ¥ (A, ) := ¥1(X, n) +
Yo (A, w) — {u, Xo) + (A, yo) is convex in A and concave in u with the partial sub-
gradients ¥; (A, u) = Cv* + Jo — y*, and ¥, (A, n) = x* — Xo — Bu* satisfying the
bounds

|vin o], = Ly = o ICll;, 12 diam2 @ + diam; .Y + [|5ol].«,

|50, , < Ly = VOBl 13 diamz P+ diamy, o X + | Follus.  (17)

3.1 Example of the Problem (10)

Let us consider an example withn =2, m =2,0 = 1,p=q =1, P = [-1,1],
0 =[-1,1], and

Ac(t) = Ay(1) = (8(1)) B =C) = ((1)) *(0) = (8) Y= (i)

The objective functional will be as follows:

1 2 2 1
T, v) =/ (@ - @) dt + 3 1)~ YOI ~ Iy = oI},
0
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where yg = (2, 0)”, and the norm in the second and third terms is Euclidean. This
functional satisfies Assumptions A1 and A2.
Note that

Ve(t,T) = Vy(t.7) = ((l)t_lf),
B w @) =BTV, =0 -0+ w2, (CR)E) = (1 — DA + Ao

Also we can explicitly solve (10) using (12):

1
Yi(d, ) =/<) (f (A=D1 + pu2) — f((1— DA + A2))dt,

where the function f(p) : R — R is defined by

3.2 Estimating the Norms of A*, u*

Let us compute the estimates for the norms of the components A and w of the solu-
tion of the conjugate problem. Denote for any function of two variables ¥ (z, w) by
¥'(Z, z — Z|w) the directional derivative of the function ¥ (-, w) for some fixed w at
the point Z in the direction z — Z. Similarly, ¥/(z|w, w — w) denotes the directional
derivative of the function ¥ (z, -) for some fixed z at the point w in the direction w — w.
Also by B%(0) we denote a ball of radius r in the norm | - ||, with center at the origin.

Lemma 3.4 Assume that

Ayx 1= max (—F'(it,u — ii|v) — ®'(%, x — X|y)} < +oo,
u,ield ,x,xeX,veV,yeY
Ayy 1= max (F'(u]o, v —10) + @' (x]y,y — y)} < +00.

v,0eV,y,yeY¥,ueld,xeX
If

BLH0) S {s=Bu+xo—x:uecld, xe X},
BI*O0) C{s=Cv+Fp—y:veV,yeV¥) (18)

A and |3 || <

* AU}'
then |u*|l, < -
Proof Consider the function ¥ (A*, u). It is concave and achieves its maximum at
the point u*. From the representation (13) and similar representation for v (A, ),
we conclude that the function v (A*, ) is a minimum of a set of functions concave
(linear) in the variable p and convex in the variable (u, x). Hence, the set of minimizers
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(uy, x,.) is convex, and by the theorem about the subdifferential of a function which
is a minimum of concave functions, we have

Y (A, w) = {xu —Xo—Buy 1uy, €U, x, € X,
V1 2%) + 920, 27 + (= Fo = By, ) = Y67 )}
From (15), and a similar definition of lﬁz (xu, A¥), we get that
Uty 1t = t [NF) = F ey 1 — 1 [0 (a0, 24)),
U (X, X — X |1) = @ (00, x — X0 [0 (s 1)),

From this equalities and the optimality conditions for the problem defining v (A*, ),
wegetforallu eld,x € X

F'(up,u — up 0™ (U, 25)) + @' (xp, x — xp 0" (xp, A7)

+(x —x, —Bu+ Buy, ) <0,
or

(x — Bu — xo, i)
< —F (gt — 0" g, A7) — @ (g, ¥ — 20 [0" (0, A7) + (e, 9y, 07, ).

Hence, for any pu,

max <'x _Bu_i()a H’) S Aux"‘(:uu ‘(/f/;()"*’ IJ'))
ueld ,xeX

Using the first inclusion in (18) and the fact that 0 € 9, (A", u*), we get that

AMX

Il <

The estimate for ||A*||, is proved in the same manner. O

Let us consider an example of sufficient conditions for the inclusion (18). If the set
X has a nonempty interior and there exists some & € U such that Bi+Xg = X € intX,
then there exists some r > 0 such that ¥ + B%*(0) C X. Then, we have

BL*0)=Bu+xg—x+B"0) S {s=Bu+io—x:uecld,xecX}

Similar arguments can be used for the second inclusion in (18).

Let us consider another example. Since the problem (4) does not have any con-
straints for x and y, and the sets X and Y can be introduced due to the boundedness of
the norms of the operators 3, C, we can apply the following reasoning. Assume that
there exists some u € P and ro > 0 such that P C %%0 (u). Then, for every u € P,
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there exists some i1 € %%O (0) :  u = u-+u.Letusdefine functions i (t) = i, u(t) :=
u(t) — u(t), where u(t) € U is arbitrary. Then, for x,,(0) := xo + Bu(t) + Bu(t), we
have ||x,(6) —xo — Bu(®)llp« < I1Ba@llpx =< ||B||M’L%r0\/§. So if we choose

X = ‘BH B”H.L% "o ﬁ(io + Bu(t)), we will be in the situation of the previous example

and can take r = || B8], L3 ro+/0 in the conditions of the Lemma 3.4. For the second
inclusion in (18), we can apply a similar argument.

3.3 Algorithm Description

Note that, in the case when the dimensions n and m are rather small, then linearly
converging cutting plane algorithms such as ellipsoids method, outer simplex method
or inscribed ellipsoids method could be used to solve the conjugate problem and
reconstruct the approximate solution of the initial problem. But their rate of conver-
gence will depend on the dimensions n and m. Below we use primal-dual subgradient
method to solve the conjugate problem and reconstruct the approximate solution of
the initial problem. This allows us to construct a method with dimension-independent
convergence rate.

We assume that we are given some prox function d (1) with prox center A9, which
is strongly convex with convexity parameter o, in the given norm || - ||,. For u, we
introduce the similar assumptions.

Since (A*, u*) is the saddle point, by the definition, we have the following inequal-
ities:

YOS W S YOS p) <YL ") YA,

From the convexity of the function (A, i) with respect to A, by the definition of
partial subgradient 1//{1 (A, ) at the point (A, i), we have the following:

Y, 1) = Y, ) 4+ (Y (k) AT —A) VA, .

Similarly, using concavity of ¥ (A, u) with respect to u, we have:

Y1) YO+ (G ), 1wt — 1) YA

Finally, from the above inequalities, we have:
(Wi ), A= A5) + (=, O, ), e — 1) =20 VA, .
Hence, (A*, 1*) is a weak solution to the following variational inequality
(g, ), =A%, w—u™) =0, VA, pu,

where g(1, ) == (¥ (A, W), =¥, (A, ).
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All of this allows us to apply the method of Simple Dual Averages (SDA) from [1]
for finding an approximate solution of the finite-dimensional problem (8).

Letus choosesome k €]0, 1[. Asin Sect.4in [1], we consider aspace of 7 := (X, )
with the norm

2l == o 1212 + (1 = )0y Il (19)

anoracle g(2) := (g, (z), —gu(2)), anew prox functiond(z) := kd)(A) + (1 —«)d,
(w), which is strongly convex with constant oy = 1 with respect to the norm (19). We
define W := R™ x R".

The conjugate norm for (19) is

lellos i= [ ——lgall2 . + ———llgull
8 ok 2T Koy 8x Ak (1—K)UM g/”“ %

So we have a uniform upper bound for the answers of the oracle || g(X, ) ||§’ = L?
2 2
::K% + (l—LT“)O'M’ where L) and L, are defined in (17).
The SDA method for solving (8) is the following

1. Initialization: Set so = 0. Choose zg, y > 0.
2. Iteration (k > 0):
Compute gx = g(zx). Set Sg+1 = Sk + 8k- (M1)

Bir1 = ¥ Bra1. Set zxr1 = g (—Sky1).

Here the sequence ,3k+1 is defined by relations ;éo = ,31 =1, ,3Ai+1 = ,3,~ + ﬂL for
i > 1. In accordance with the Lemma 3 in [1], for k > 1, it satisfies the inequalilties

1

V2k—1< B <
P 1+4/3

+ 2k — 1.

The mapping 7g(s) is defined in the following way
g (s) ;= argmin {—(s, z) + Bd(2)} .
zeW

Since the saddle point in the problem (7) does exist, there exists a sad-
dle point (A*, u*) in the conjugate problem (8). According to the Theorem
1 in [1], the method (M1) generates a bounded sequence {z;};>o. Hence, the
sequences {A;};>0, {ii}i>0 are also bounded. So we can choose D;, D, such that
dy(Ai) < Dy, dy(ui) < Dy for all i >0 and also, the pair (A*, u*)
is an interior solution: %ﬁ/m(k*) C W, = {i:d,(n) < Dy}, and

123 * . .
‘Br/m(u ) € Wy = {u: du(n) < D, }forsomer > 0.Then, we have

=) e Fp = {zeW:d() < D}withD = «Dy+ (1 —«k)D,
and B3(z*) € Fp.
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Let us introduce a gap function
k
Sk (D) :=max[2(gi,zi—z):ze.7-'1)]. (20)
© lizo

From the Theorem 2 in [1] (equation (4.6)), we have

1 Brr1 L?
K 1ok®P )—k+1(yD+E)' @h

Denote

(uk-f—]a Uk+1’ -xk-i-la yk+1 k + 1 Z (ulv Vi, Xi, yl (22)

where (u;, v;), (x;, y;) are the saddle points at the point (A;, i;) in (10) and (11),
respectively. Note that forallu e Y, v € V,x € X,and y € Y, we have

F(u,vi)) + @(x, y) + (i, x — %o — Bu) + (A;, Cvi + 5o — yi) = v (i, i)
> F(ui, v) + @(x;, y) + (i, xi —Xo — Bu;) + (Ai, Cv + Yo — ). (23)

We define a function

d(u,x,v,y) = mkinmax{F(u, v) +@(x,y) + (1, x — Xo — Bu)
n

+ (A, Co+ 30— y) :dr(h) < Dy, du(u) < Dy} (24)

Since dj(A*) < Dy, d, (u*) < D,, and the conjugate problem is equivalent to the
initial one, we conclude that the initial problem is equivalent to the problem

min max ¢ (u,x,v,y). (25)
ueld,xeX veV,yeY

Let us introduce two auxiliary functions:

§(u,x) = max ¢(u,x,v,y), (26)
veV,yeY

n(v,y):= min ¢(u,x,v,y). (27)
ueld,xeX

Note that & (u, x) is convex, n(v, y) is concave, and & (u, x) > ¢ U™, x*, v*, y*) >
n(,y)forallu e U,v € V,x € X,y € Y, where ¢ (u*, x*, v*, y*) is the solution to
(25).

Theorem 3.1 Let the assumptions Al and A2 be true. Then, the points (22) generated
by the method (M1) satisfy:
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E(lk+1, Xk+1) — N(Ok41, Yer1) < P yD+ —L2 , (28)
T k+1 2y
ﬂk—&-l«/“ﬂ
Bl — =
”xO + B+ XkHHM = (k D + 2y
. . . ﬁk-&-l«/

C — — 29
150 + Cors1 Yk+1”)h* = Tkt D + 2y (29)

Proof From the inequalities (23), by the convexity of F (-, v), @(-, y), we have

F(lgy1,v) + @(Xkq1, y) + (1, Xkp1 — Xo — Bitgg1) + (A, Cv+ 3o — y)
k

k
1 1 -
—112_0: ()»z,Mz)-l-mZ(M—lli:xi—XO—Bui)

This gives us

E(lgt1, Xig1) < mzllf( i Mi)

k+1

k

1 -

—i—mla}x[— E (w — wi, x;i —Xo — Bu;) 1 dy(pn) < Du]
i=0

k
1
ma i A= Ai, C Yo — ¥) :dy (L) < Dy ¢ . 30
+vev,yXeYHkm[< k+1§' v+yo—y) 1 di(R) = A] (30)

Since the method (M1) generates points A;, which satisfy d) (1;) < D, and there
exist v; € V and y; such that Cv; + Jo = y;1, we conclude that
( klﬁ Zf‘(:o Ai, V1, y1) is the saddle point of the third term, and

veV,ye¥ A k+1

k
1
max min[(k—— Ai, Cv+3y9—y): dA(A)<D,\] 0.
i=0

Similarly, we have

N(Ok41, Yas1) = me( is i)

A k+1

k

1

— max I—Z()»i — A, Cvi + 5o —yi) 1 dh(A) < D;\] .
i=0
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Finally, we have the following

E(k41, Xk1) — N(Ok41, k1)

k
< ;(max [Z(M — Wi, X; — X0 — Bu;) 1 dy(n) < DM]

k+1\ n» pary
k
+m§‘x[§<ki =2, Cui 450 = ¥i) () < DAD
| k
< g Mmax |Z(gi(z),zz' —2):d(@) <kD; + (1 —K)DM] = 15k(D).

i=0

Combining this with (21), we get (28).
Let us prove that (22) is also a nearly feasible solution. Obviously,

o
(1 — K)o,

2 1

~ ~ ~ 2
o = m ”Buk+1 + X0 — Xk+1 ”M*

| Biik-41 + %o — Sxs1 |
1 . - A
+ o, |CDrs1 + Fo — s Hi*

1 . - A
e [COk+1 + Fo — Frtr ”i*
1

< m “B’/Alk-i-l + X0 — Xk+1 ”i*

1 . - A
+ a ||Cvk+1 + Y0 — Yk+1 ”i* .

On the other hand, from the proof of the third item in the Theorem 1 in [1], we have

2
1 2 2 [
—5k(D)] = [ HZ =l Z(gx(zz'), —8u(zi))
[r(k+1) : k+1 P e
X 2
il ey D (Cv; + Fo — yi, Buj + o — xi)
i=0 Z,%
1 A - A 2
T a- K)oy [Biksr + 5o = S ”u*
1 N - A 2
+a [COk+1 + Fo — Fit1 ||A*
This in combination with (21) gives us (29). O

So we conclude that (fig+1, Og+1, Xk+1, Yk+1) is anearly optimal and nearly feasible

point with an error of O (;

Vk+1)°

@ Springer



40 J Optim Theory Appl (2015) 166:23-51

Let us make some notes on how to choose parameters y, D, and r of the method.
Recall the example introduced in the Sect. 3.1, but let us choose the following quality
functional

1
T, v) = (1), y(1) = Sllx(1) = y(DI3 = Ily(1) = yolI3,

where yp = (2,0)7 and norms are Euclidean. Hence, we have F(u, v) = 0 and the
assumptions A1 and A2 hold. Let us use the method described in Sect. 2.1 to estimate
the norms of the operators B and C in this example. We choose Euclidean norm as
Il 1l%, Il - Il .. Since the operators are similar, we consider operator B. To estimate || B||2,
we need to calculate the maximum eigenvalue of the matrix

We get that | Bll2 = v/Amax =~ 1.12. Next, we need to introduce sets X and Y. We
know that x(f) = Xo+Bu andu(t) € [—1, 1]forall ¢ € [0, 1]. Hence, ||x(0) —Xgll2 <
|Bull2 < ||B|l = 1.12 and we can take X = ‘B%lz(io). Similarly, ¥ = %%_12()70).
Also we can find the bound for ||/} (A, )2 = llx — %o + Bul2 < [1Bul2 + ||lx —
Yol < 2IBl2 = L; = 2.24. Similarly, [y, (A, )l < 2[Cll2 = L, = 2.24.
Next, we need to find Dy, D, and D. From the second example after Lemma 3.4 since
IBll2 = |ICllo =1.12and P = Q = [—1, 1], we conclude that we can take r = 1.12
in both inclusions (18). The estimation of Ay, A,y gives A, < 10, Ay, < 10.
Hence, [[A*]2 <9, [|u*]l2 < 9.

Using the method above, we can find a nearly feasible nearly optimal solution.

We choose the prox functions dj (1) := ”AHZ cdy () = ”“”2 = 1/2. We choose
y = L/~/2D to minimize the right hand 51de of the error estlmations in the Theorem
3.1. Then, we have d(z) = 22 4 145 ey < g,

From the Theorem 2 in [1] we get that for the sequence {z;} generated by SDA
method, it holds that

— o=

1
/ Ve(1,)B()BT ()VI (1, 1)dt = (
0

1] — Wl —

lzk — 2*112 < 2d(z*) + L* = ||z*)12 + L™

Then,

lzel? 1
@) = == = S (12"l + /112712 +1L2)? < 182.

So || Ak ||%/2 < 364, and we can take D; = 364.In the same way, we getthat D, = 364
and also that D = 364. Finally, we have that ‘Bim (z") € Fpandr = 12.5.

4 Strongly Convex—Concave Problem

In this section, we consider the problem (4), satisfying the following assumptions.
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A3 The function F'(-, v) is strongly convex for any fixed v with constant o, which
does not depend on v, and function F (u, -) is strongly concave for any fixed u with
constant o, which does not depend on u. Also assume that:

IV F(u,v1) — V, F(u, 1)2)”[4%J < Lyyllvi — U2”L§ s (31)

IVoF @y, v) = Vo Fua, V)2 = Lo lur — uzllz2 - (32)

A4 @ (., y) is strongly convex for any fixed y with respect to the norm || - ||« With
constant op, which does not depend on y and @ (x, -) is strongly concave for any

fixed x with respect to the norm || - ||« with constant 0, which does not depend on
x. Also we assume that:

”de)(x’ yl) - dej(-x’ y2)||,L S ny ||y1 - y2||k’* ) (33)
[Vy@(x1. y) = Vy@(x2, ¥) |, < Lyx 51 = X2l (34)
and
V@ (x1, y) = V@ (x2, )l < Locx 1 — X2l (35)
[Vy@(x, y1) = Vy@(x, y2) ||, < Lyy Iyt = 2l - (36)

Note that the assumptions A3, A4 imply that the level sets of the functions
F(u,v), ®(x, y)are closed, convex, and bounded. Similarly to the proof of the Lemma
3.1, we get that the conjugate problem for (4) is

mkinmlilx [Eglflnglea\))( [F(u,v) — (u, Bu) + (A, Cv)]
+rrkinm‘2}X [D(x, y) + (1, x) — (A, )] — (w, Xo) + (&, Yo) |- 37

Here L € R™ and u € R".
We assume that the problems

Wl ()"7 /J') = mlzfllma&( [F(I/i, U) - (/JM Bu) + <)"a CU)] ’ (38)
Y2k, ) = n}inmyax [D(x, y) + (i, x) = (A, ¥)] (39)

are simple, which means that they can be solved efficiently or in a closed form (see the
example in the Sect. 3). Note that the conjugate problem is finite dimensional. Using
the assumptions A3, A4, the fact that closed, convex, and bounded set in Hilbert space
is compact in the weak topology, the fact that F (u, v) is upper semi-continuous in v
and lower semi-continuous in u, and Corollary 3.3 in [4], we conclude that the saddle
points in the problems (38), (39) do exist for all . € R™ and u € R".
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Lemma 4.1 Let the Assumption A3 be true. Then, the function ¥ (A, ) in (38) is
smooth with the partial gradients satisfying the following Lipschitz condition:

IBI2
[Viwr G, i) = Vi Gz, )|, = —— i = eall,

u
1Bt 1025 Lo

A1 — 2205, (40)
O—FUO—FU
ICI
Va1 (A1, 1) — Vari (A2, m2) 5 4 < or Ll — A2l
IBll,.,22 1€, 22 Lou
s — w2l - 41)

OF,0F,

Proof From the strong convexity of the function F'(-, v), we have for any ¢ € [0, 1]

Yi(tur + (1= Huz, 2) = meali([F(tm + (1 = Duz, v) + (Cv, A)]

OFu
2
< tma]ig [F(uy,v) + (Cv, )]+ A —1) maé [F(up, v) + (Cv, A)]

< max [tF(ul, V) + (1= DF (2, v) — 11 = 7% Juy — a2, + (Co, x)]
vey »

OFu 2 - ~
—t(1 - l‘)T lur — M2||L% =ty (ur, A) + (A —)Y1(uz, 1)
OFu

— (=)=

2
up —uz
I 72

So, by definition, the function 1}1(14, A) is strongly convex with constant o, . This
means that the optimal point u* in (13) is unique and that ¥ (A, i) is smooth with
respect to w. Hence, V,¥r1 (A, u) = —Bu*(A, n). Since F(u, -) is strongly concave
for any fixed u, we get that the solution v* of (15) is unique and the function &1 (u, 1)
is smooth with respect to u. Denote by u; the optimal point in (13) for some X, u;,
i = 1, 2. From the first-order optimality conditions for (13), we have

(Vi (ur, &) — B i, up —uy) > 0,
(Vutri(uz, ) — B* 2, uy —uz) > 0.

Adding these inequalities and using strong convexity of ¥ (u, A), we continue as
follows:

(B*(u1—p2), uy — ua) > (Vi (u, M) = Vi (uz, A), w1 —uz) > o, llug — uzlli%
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Finally, we have

18112

w.L?
——(B* (1 — p12), ur — uz)
OF,
2
||B||M‘L%
—— 1= 2l 1Buy — u2) |l «

oFM
(42)

2 2 2
|1Bur — Buzlly, , < IIBIIM’L% ey = ualizs

IA

IA

Denote by (u;, v;) the saddle point in (38) for some A;, u and i = 1, 2. Similarly to
the previous case, we conclude that 11 (v, i) is strongly concave in v with constant
oF, and smooth with respect to v. As we did this above, from the first-order optimality

conditions for (14) and using the strong concavity of lﬁl (v, u), we have:
(€7 (1 = 22), v1 = v2) = 0%, o1 = w2l -

This gives us

”C”A,Lg
lvi —v2llpe < ——— A1 — A2l .
q o

Fy

From the first-order optimality conditions for (16), we get:
(VuF(u2,v2) — Vy F(ui, v1), u1 —uz) > 0.
Using that F' (-, v) is strongly convex for any fixed v, this gives us
(VuF (2, v2) = Vi F (uz, v1), 1 = u2) = o, lluy = 2ll75 -
From this, using (31) and the estimate for ||v] — v2 ||ch1 , we get

||C||A,L§ Ly

OfF OF

u v

[l2e1 —uzlng < A1 — Azl -

Finally ,we have

ICH5 22 1810, 22 Luw

1Buy = Bually s < 1B, 12 lur —uzllpy < p— A1 =220l -
(43)
Combining (42) and (43), we get (40). Estimate (41) can be proved in the same manner.
O

In a similar way, we can prove the following statement.
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Lemma 4.2 Let the Assumption A4 be true. Then, the function ¥r (X, ) in (39) is
smooth with the partial gradients satisfying the following Lipschitz condition:

1 L
IV2 (01, 1) = Vo (o o) ||, , < — i — pall, + —=— 1A = A2l
Opx OpxO

o — xOy
(44)
1 Ly,
IVaa (A1, 1) — Vo (Ao, )l < — A1 — A2l + lr = pall, -
Oy OpxOy
(45)

Combining Lemma4.1 and 4.2, we get that the function ¢ (A, 1) = Y1 (A, n) + ¥
(A, ) — {u, Xo) + (XA, yo) is convex in A and concave in u with partial gradients

Vv (&, ) = Cv* + Yo — y", (46)
Vo (A, ) = x* — %o — Bu*, (47)

where (1*, v*) is the saddle point for the problem (38), and (x*, y*) is the saddle point
for the problem (39).

4.1 Estimating the Norms of A*, u*

Let us find the bounds for the norms of the components A, i of the solution of the
conjugate problem (37).

Lemma 4.3 Let the Assumptions A3, A4 be true. Assume that P C ‘Bfl (ug) and
0 C %fz(vo), where ug € RP, vy € RY. Then,

”M*”u. < Lxx”B”/L,L%rl\/a"‘ ny”C”)\,LZI"Z\/E‘F ”qu)(Bu() + Xo, Cvg + 5’0)”;»
1A% < Lyx 1Bl 13718 + LyylICllx, 13723/6 + |V ® (Bug + Fo. Cvo + 5o0) 5.

Proof Consider the function v (A*, ). From Lemmas 4.1 and 4.2, we know that this
function is concave and smooth in p with the gradient given by (47). Also, the func-
tion ¥ (A*, u) achieves its maximum at © = p*. From the corresponding optimality
condition, we get 0 = V, (A%, u*) = x* — Bu* — Xo. Hence, x* = Bu* + Xo.
Similarly, we have y* = Cv* + J.

We can find also x*, y* from the problem (39), which can be rewritten as

Y20, 1) = minf(u", x) #9206, 00} Pa(x, 27 = max{@(x, v) = (7, v)

Since @(x, y) is strongly convex in y, from the optimality condition for the first
problem, we obtain that u* = —V, ¢ (x*, 1*) = =V, & (x*, y*).
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Let us introduce functions ug(t) = ug, vo(t) = vg Finally, we have the following
sequence of inequalities

||M*||/L = ||qu)(x*’ y*)”u
< IV @ (Bu* — %o, Cv* + Jo) — V2@ (Buo(t) + %o, Cvo(t) + J0)
+ Vi@ (Buo(t) + Xo, Cvo(t) + o) llu <
< Lax || Bu™ — Buo(t) || o5 + Ly [Cv* = Coo (1) [I5. 4
+ IV @ (Bug(t) + %o, Cvo (1) + o)l u
< Lxx”B”//,,L%rl\/g‘i‘ ny”C”)L,Lng\/g"' V2@ (Buo(t) + Xo, Cvo(t) + 30) |l .-

The proof of the second inequality in the statement of the lemma is similar. O

4.2 Algorithm Description

In this section, we assume that the norms || - || and || - ||, are Euclidian. Let us
introduce the prox function d, (1) := % ||)\||§. The function d) (A) is strongly convex
in this norm with the convexity parameter oy . For the variable u, we introduce the prox
function d,, () := % 1%, which is strongly convex with the convexity parameter
o, withrespect to the norm || - || ,. These prox functions are differentiable everywhere.

For any A1, A2 € R we can define the Bregman distance:
. (A1, A2) = dy(A2) — dp (M) — (Vdy(h1), A2 — A1).

Using the explicit expression for dj (1), we get wy (L1, 12) = % A1 — A2l Let us
choose A = 0 as the center of the space R"™. Then, we have w3 (M, 1) = d; (1). For p,
we introduce the similar settings.

In the same way as it was done in the Section 3.3, we conclude that finding the saddle
point (A*, u*) for the conjugate problem (37) is equivalent to solving the variational
inequality

(g ), W =A%, u— ™)) =0, Vi, pu, (48)

where
g, ) == (Vuyr (A, ), =V, (&, ). (49)

Let us choose some « €]0, 1[. Consider a space of z := (X, i) with the norm

2l == o 1212 + (1 = )0y, Il
an oracle g(z) := (V¥ (A, ), =V, (X, 1)), a new prox function
d(z) = kd)(A) + (1 — k)dy (1)
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which is strongly convex with constant oy = 1. We define W := R x R”", the
Bregman distance

w(z1,22) = kwy (A1, A2) + (1 — K)ws (u2, n2)

which has an explicit form of w(z1, z2) = d(z1 — z2), and center z = (0, 0). Then,
we have w(z, z) = d(z). Note that the norm in the dual space is defined as

1 1
Igllz,e o= \/E 415 0 + Ty sl

Lemma 4.4 Let the Assumptions A3, Ad be true, and k = > Ujr‘ — Then, the operator
I
g(z) defined in (49) is Lipschitz continuous:
lg(z1) — g@)l; « < Lllz1 — z2ll; (50)
with
2
ICIIS ;- B, 72 IClly 72 L
o) +o AL 1 w,L A L2 Loou L,
L — M 2 q + + )4 q + yx
0L 0 OF, oo, OF,0F, Opx0p,
B Clly 12 L 182
I1BI,e,22 ICT5., 22 Luw Lyy wL2 1
+ + + — . (€28
OF,0F, 0p, Oy OF, O,
Proof Denote
c:= A1 — 22l d:=lpr—p2ll,,
2
el 2 1 1Bl13 ICx 22 Luv Ly,
o] = + —, ) = + ,
OF oo, OF,0F, 00,00,
2
”B”M,L% ||C||A,L5 Lvu Lyx ”B”M,L% n 1
1 = b = .
OF,0F, 00,00, OF, oo,

Then, from Eqs. (40), (41), (44), (45) we have:

Vi (1, 1) = Vi (Ao, )17, < (1c + Brd)?,

2
[ Vi Ot 101) = Vi O, )|, < (@2 + Bod)? .
. 0,
Since k = o j:m, we get
ou0
ko) = (1 —K)o, = s =0
oy + on
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Using the above expressions we obtain

1
lg(z) — g@)I?, = o IV ity 1) — Vi (A2, w2 I3,

1 2
T Vi iy 1) = Vi 2, w2)|,

IA

1 1 2
— (@it prd)* + — (et pad)* < —(ic+ pid) (e + frd)

IA

2
;(alazcz + B1B2d? + (212 + a2B1)ed)

A

1
—(Quaz o1 + a1 + QBB + a1 fa + aaf1)d?)

2
< ;Woelaz(al + B (@2 + Bo)c? 4+ BiBa(ar + Br) (a2 + B2)d?)

2(a1 + B (2 + B2)
o2

2o+ Bi)(2 + B2) 2
= 3 lz1 — 227 -
o

(kos.c? 4 (1 — k)o,d?)

Thus, we get that g(z) is Lipschitz continuous with

\/2(a1 + B (@2 + B2)
L == 2 )
o
which is (51). O
In accordance with [5] for solving (48), we can use the following method:

1. Initialization: Fix 8 = L. Sets_; = 0.
2. Iteration (k > 0):

Compute x; = Tg(Z, sk—1), M2)
Compute z; = Tg(xg, —g(xk)),
Set sk = sk—1 — g(2k)-

Here

Tp(z. 5) := argmax{(s, x — z) — fo(z. 1)}

Similarly to [1], we can prove that the method (M2) generates a bounded sequence
{zi}i>0. Hence, the sequences {A;};>0, {iti}i>0 are also bounded. Also, since the
saddle point in the problem (4) exists, there exists a saddle point (A*, u*) for the
conjugate problem (37). These arguments allow us to choose Dy, D, such that
dy(A;) < Dy, dy,(nij) < D, for all i >0, which also ensure that (A*, u*) is an
interior solution:

B, e ) S Wi = (A 1 di(h) < Dy,

" * . .

%r/m(u ) S Wy i={p:du(n) < Dy}
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for some r > 0. Then we have z* := (A*, u*) € Fp = {z € W :d(z) < D} with
D :=«D; + (1 —«)D, and B(z*) € Fp.

From the Theorem 1 in [5], using the relation oy = 1, similarly to the proof of the
Theorem 2 in [5], we get the following lemma.

Lemma 4.5 Assume that the operator g(z) is Lipschitz continuous on W with the
constant L. Let the sequence {z;};>0 be generated by the method (M2). Then, for any
k > 0, we have

8k(D) = LD, (52)

where 5 (D) is defined in (20).

Theorem 4.1 Let the Assumptions A3 and A4 be true, k = o:itop and L be defined
in (51). Let the points z; = (A, ki), i > 0 be generated by the method (M2). Let
the points in (22) be defined by points (u;i, v;), (xi, yi) which are the saddle points at
the points (7;, ;) in (38) and (39), respectively. Then, for functions &(u, x), n(v, y)

defined in (26) and (27), we have:

LD

Hit], X — Vg1, Y < —. 53
&y, Xea1) — N(Vka15 Ykr1) < P (53)

Also the following is true:

LD, /o, LD, /o)
Bi Xo — X <——7 |C? Yo — < —.
H Uj41 + X0 J%HHM STTEE) H Vk+1 + 0 yk+1||“ ST+
(54)
Proof Similarly to the proof of the Theorem 3.1, we conclude that
(s, K1) — N (Dkr1, Irtr1) < M,
T k41
Sk(D) /o,
Bii Xo — X < —,
|| Uk+1 + X0 — Xk+1 ”u* =G+ D
. S, 8k (D) /oy,
C — < ——.
H Vk+1 + Y0 — Yi+1 ||H = Skt D
Lemma 4.5 and these inequalities prove the statement of the theorem. O

Let us make some notes on how to choose parameters D and r of the method. Recall
the example introduced in the Sect. 3.1 with yp = (2, 0)7. We see that the assumptions
A3 and A4 hold.

We choose Euclidian norms in the spaces R"”, R”. As we already know from the
Sect.3.3 || Bll2 = |IC]l> = 1.12. Also we know that L,, = Ly, = 0, Lyy = Ly, =
Lyx =Ly, =1, o, =0F, =0¢, =0¢, = 1. Hence, L = 6.5.

Next, weneed to find Dy, D,,, and D. From the Lemma4.3 since || Bl = |C|> =
1.12, P = Q = [—1,1], we can take ry = rp = 1, ug = 0,v9 = 0. Hence,
[A%]l2 < 8.4, [[u*]l2 < 4.5.
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Using the method above, we can find nearly feasible nearly optimal solution. We
2 2
choose prox functions d (1) = %,du(,u) = %, k = 1/2. Then, we have

N L R 171 e
d(z) = 72+ 7% 2% = 6.7
Making a similar argument as in the proof of the Theorem 2 in [1], we get that for
the sequence {z;} generated by the method (M2), it holds that

lzk — 2117 < 2d(z*) = 12",
Then,

llzl?

d(zi) = >

1
siwﬁm+wfmfs9o

So || A ||%/2 < 180 and we can take D = 180. In the same way, we get that D, = 180
and also that D = 180. Finally, we have that B% ,(z*) € Fp and r = 7.4.

5 Duality for Finite-dimensional Saddle-point Problems

In this section, our goal is to solve the following saddle-point problem:
min [max{@(x, y):Gy=g}: Hx = h]

xeX | yeY

= max |:min{<15(x, y): Hx =h}: Gy = g} , (55)
yeY | xeX

where G € Rk g€ R HeR>X pheR, X C R, Y C R™ are closed, convex,
and bounded sets, and the function @ (-, y) is convex for any fixed y, and the function
@ (x, -) is concave for any fixed x. In this problem, we can pass to a dual formulation
by introducing new variables as the Lagrange multipliers for the constraints.

Similarly to the proof of the Lemma 3.1, we get that the conjugate problem for (55)
is given by the following

Lemma 5.1 The problem (55) is equivalent to the following one:

min max [minmax [@(x,y) —(u, Hx) + (X, Gy)] + (u, h) — (X, g)] , (56)
A 1% xeX yeY

which is called the conjugate problem to the problem (55). Here ) € R, i € R,

Note that the function in the inner problem in the relation (56)

Y(h, u) :=minmax [D(x, y) — (i, Hx) + (A, Gy)] 67
xeX yeY

is well defined for every A, u since its objective function is convex—concave and the
sets X, Y are convex and compact.
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In the same way as it was done in the Sect. 3, we get the following

Lemma 5.2 Let (x*, y*) be a saddle point in the problem (57) for some fixed ). € R¥
and n € RL. Then, the function (-, ) is convex for any fixed u € R!, and its
subgradient V, ¥ (A, u) = Gy* is a bounded function of (A, ). Similarly, the function
W (A, -) is concave for any fixed ) € R¥, and its supergradient V¥, u) = —Hx*
is a bounded function of (A, ).

Thus, we started from the saddle-point problem (55) and obtained the equivalent
problem (56), which also has a saddle-point structure, and its objective function is
also convex—concave. Moreover, we know for this function the partial sub- and super-
gradients. Hence, if we can solve the problem (57) efficiently (or in a closed form)
for every X, u, then we can apply a standard method (e.g., [1] as it was done above)
for solving the conjugate problem. If the method [1] is used, the primal approximate
solution can be reconstructed by averaging saddle points in the problem (57) obtained
on each iteration of the method. This approach can be efficient if the sets X and Y are
simple and the dimensions of linear constraints are smaller than the dimensions of x
and y.

6 Conclusions

In this paper, we have shown that infinite-dimensional differential games can be
transformed into finite-dimensional dual form, which is just a usual convex—concave
saddle-point problem. The latter problem can be solved by a standard finite-
dimensional scheme, which allows reconstruction of the infinite-dimensional primal
solution. This approach is feasible when the objective function is simple enough and
allows to compute its conjugate function in a closed form. Such situation is quite
common since in many applications the main source of complexity is the presence of
the linear constraints for the solutions of ordinary differentiable equation (ODE). In
this paper, we did not discuss the inaccuracy issues related to numerical errors in the
solutions of ODE and discretization of control. However, this can be easily done for
a particular ODE solver applying the standard analysis of the minimization schemes
with inexact gradient.

This paper continues the line of research, started in [2], which exploits a significant
asymmetry in the dimension of primal and dual variables. The authors are going to
study applicability of this technique to other infinite-dimensional problems. However,
the main challenge for the future research remains the presence of constraints on the
phase variables.
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